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1. INTRODUCTION AND NOTATIONS

It is a well-known fact that linear integral equations of the first and second
kinds may be regarded as the limiting cases, as n becomes infinite, of systems
of n linear algebraic equations in n variables.

The same idea of passing to a limit suggests that one treat the integro-
differential equation

du(z, s)

8
(4) =, -+¢(x,s)u<x,s)+f ¢(xi)u(w,t)dt=>\(x’8)

as the limit of a system of n linear differential equations of the first order
of the formt

* Presented to the Society, December 28, 1917. The problem treated in this paper was
first suggested to me by Professor W. A. Hurwitz, to whom, and to Professor M. Bdcher,
I tender my grateful acknowledgment for constant help, suggestions, and criticisms.

t For the system ( a ) when all the equations are homogeneous, a different integro-differential
equation was obtained by Schlesinger (Jahresbericht der Deutschen.Mathe-
matiker-Vereinigung, vol. 24 (1915), p. 84) by means of a process involving
certain changes of the form of the equations (a) before passing to the limit. The equation
thereby obtained differs from (4 ) in that the variable z is complex and all functions involved
are analytic functions in z, that the functions » and A contain another variable r of the same
class as s, and that

xr

¢(z,8)=0 and )\(x,s)E\b( s).
Trans. Am. Math. Soc. 24 363
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21 | g @) + -+ (@) (2) = Ma(2),

(a) . . .
du,c‘ia(cx") + (@) u(z) + -0+ b (@) un (2) = M (2).

We shall have occasion to adjoin to (A4 ) a boundary condition of the type

8
(B) a(s)u(a,3)+ﬁ(3)u(b,8)+f [A(s,r)u(a,r)
+ B(s,r)u(b,r)]dr = v(s).

This we shall call a two-point boundary condition since it involves the two
values a and b of the variable . This is obviously the limiting form of the
system of linear boundary conditions usually attached to the finite differ-
ential system (a), as we let the number of equations increase indefinitely.

Throughout this paper, all variables entering will be real. These variables
may be conveniently divided into two classes corresponding respectively to
the first and second arguments of the unknown function u in the equations
(4), (B). The first class of variables is denoted by such letters as z, y, 2,
£, 1, ¢, and they take on the values in the closed interval

I: e =x=hb.

We shall speak of this in the future simply as the interval I,, the subscript «
indicating the variable referred to.

The second class of variables is usually denoted by the letters s, t,r,0,7,p,
which take on the values in the interval

J: a=s=8.

In the case of functions of two or more variables, each of which is confined
to one of the intervals I and J, we interpret the different variables as rect-
angular coordinates. For instance, the unknown function u(x, s) will be
supposed to be defined in the rectangle

I1.J,: a=z=0b, a=s=8.

In case the variables belong to the same class, we shall have square regions
I.,orJ,. Likewise, for functions involving more than two variables we have

Then Schlesinger considered also the associated homogeneous equation of the type (A4)
whose solutions are made dependent on the solutions of the former equation. These equations
were also treated in a similar fashion in the notation of general analysis by T. H. Hildebrandt
(these Transactions, vol. 18 (1917), p. 73). [After the manuscript of the present
paper was in the hands of the editors of the Transactions, I was informed by them
that a second paper by Hildebrandt was to appear shortly in the Transactions. See
vol. 19 (1918), p. 97.]
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such regions as I,y Js, I, Ja, etc. All these intervals .and regions will be
understood to be closed.

To simplify our work, we shall assume, unless otherwise stated, that all
functions considered are real and continuous (and therefore bounded) in the
respective regions in which they are defined. By a solution of the equations
(4), (B), or any other equation under consideration, we understand, with-
out further specification, a continuous function. A solution of the equa-
tions (4), (B), possesses a continuous first derivative with respect to its
first argument. A solution which is identically zero will be termed a trivial
solution.

2. THE INTEGRO-DIFFERENTIAL EqQUATION
The integro-differential equation

du(zx,s)

(4) ~or +o(x,8)u(x, 3)+f ( )u(x,t)dt=)\(x,3)

may be reduced, by means of the transformation*

w(z,s) = oo &0

v(x,s),

where y is regarded as a fixed point in I, to the equation

o (z,s) f’ ( ) = [ ot 0 — ot 9)a
) ox + A 4 xt

Xv(z,t)dt = efu ot s)at

A(z,s).

This equation is the special case of (A4) in which the second term of the first
member is lacking. Let us write for convenience

@ R‘(m s) . fy ot 9d

so that ¢
f(G)r()-2()

Changing 2 in (1) into £ and integrating from y to x, we find

o(z, ) =w(y,s>+[R(§”)x<s,s)ds

—f'f ( ) (ys)R(jt)v(E,t)dtdg.

* This was pointed out to me by Professor Birkhoff.
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We may now transform back to u (z, s), getting

u(x,s) = R(;S)u(y,a) +J:R(:;8>)\($,s)d£

e[ L) ()] oaae

This is a special case of the equation

@ u(x,s)=f(x,s)+ffa(gf)u(5,t)dtdg.

Let us then consider (4).

The function 6 (§¢) (called the kernel of the equation) will be supposed
to be continuous in I.;J,.. In its appearance, the equation is intermediate
between the Volterra and the Fredholm types; but it behaves like an equa-
tion of the Volterra type because of the variable limit of the first integral.
Since Volterra’s method may be applied almost word for word,* we shall
give here only the results.

We are led by the method of successive substitutions to the consideration
of the series

) ol(zf)+e2<‘2:)+03(§:)+...,
where
n(30)=o(50)
0(50)= L [0 (50) (3 )aran.

The series (5) converges absolutely and uniformly in I.; J,., thus representing
a bounded continuous function, © (3!), which shall be called the resolvent
function of the kernel  ({¢).

The kernel and the resolvent function satisfy the resolvent formulee

o o(3)-e () [ Lo () (Rl )aren
@ o) =o)L Lo()e(F )

We now readily establish the

(47)

* See Volterra: Legons sur les équations intégrales, p. 74, where an equation is treated which
is identical with (4), except that 8 is replaced by the variable s. The possibility of using the
same method when one of the upper limits is constant was pointed out to me by Professor
W. A. Hurwitz.
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Lemma. If 0 (3t) ts continuous in I.;J. and f(z, 8) 18 continuous in
I, J,, then the equation (4) has one and only one solution, namely

® wte,)=f@ o+ [ [To(5)i nad.

Returning now to the equation (A4’), let

o(51)=-2(3" ) ()
fa o) =R(2)uty,0) +fy’R(‘§")x(s,s>ds,

where y is regarded as a fixed point in I,. Thus we obtain by the lemma, for
each assigned function u (y, ¢), a unique solution of (A4’) or (A4), which,
if we let

a s(Ge)-[e()e()e

may be put into the form

u(.x,s) = R(;8)u(y,3)»+IsS(;:)u(y,t)dt

[T e [5(e sl
Hence, we have

TrEOREM I. The integro-differential equation (A) possesses one and only
one solution which reduces to the assigned initial function u(y, s) ot the fixed
point y in I,; this solution is given by the formulo (11).

CoroLLARY I. If the integro-differential equation (A) is homogeneous, 1. e.,
f N(z,8) = 0, the solution has the form

9)

(11)

12) u(x,s)=R<;8)u(y,s)+IBS<;;)u(y,t)dt.

CoroLLARY II. The function

@ o(;)- [T oo LG pcna

18 a particular solution of the nom-homogeneous equation (A), corresponding
to the tmatial function u(ys) = 0.

Observe that the integrand of the expression w (;°), when regarded as a
function of 2 and ¢, is a solution of the homogeneous equation (A4 ) for each
constant value of £. Thus the particular solution w (}*) of the non-homo-
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geneous equation (A) is built up from the solutions of the homogeneous
equation by an integration. It is clear that every other solution of the non-
homogeneous equation is obtainable by adding to the particular solution w a
solution of the homogeneous equation.

We shall also have occasion to apply the following:

CoroLLARY III. The function © (3 :), when regarded as a function in z
and 3, 13 a solution of the homogeneous equation (A ), corresponding to the initial
Junction © (3¢) = — ¢ (,1) at y.

On account of the resolvent formula (6), we have

o(37)-0(20)

and, on account of the first formula (9) and formula (2),

() -4(,7)

Consequently, by combining (9), (14), (15),

o(50)-2()e(5):

and because of (10) the equation (6) becomes

zs zs ys B (zs yo
o(51)=2(5)e(G)+ L5 (Go)e (3)
yi y yt + a yo yt
which is a solution by Corollary I.

3. THE BouNDARY PROBLEM
Let us now take a linear integral boundary expression of the following type:
Ulu]l = a(s)u(a,s) + B(s)u(b,s)

(1) ’
+ [ 146, e, ) + B, nyub, ldr,

where «(8), B(s) are continuous functions in J,, A(s,r), B(s,r) are
continuous functions in J,, and a, b are the end points of the interval I.
Let us write from now on

au(z 8)+¢(x $)u(z,s) +f ( )u(:c,t)dt.

@) Lu]=

We shall consider the integro-differential boundary problems
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(4) L[u]l=X(z,8), (B) Ulu]l=17v(s)
and

(4o) L[u]=0, (Bo) Ulu]=0.

It has been seen that all solutions of the non-homogeneous and the homo-
geneous equations (4), (A4,) are of the forms

@) w(z,s) = w(;8> +R(:3)u(y,3) +fs(;:)u(y,t)dt,

4) u(x,s)——-R(;s)u(y,s)+IBS<::)u(y,t)dt,

respectively, where y is a fixed point in the interval I, at which the initial
function % (y, s) is to be assigned. Both y and the continuous function
u(y, 8) are arbitrary. But in order to satisfy the boundary condition, it is
clear that the initial function must be suitably chosen.

Substituting in (1) the value of u (z, ¢) from (3), we find that the boundary
condition (B) reduces to

® swouw o+ [ 6,5 )uwna=vye -v[s()],

where

sw.0) =a@ () +80r (1),

G(y‘t') =A(s,t)R(Zt)+B(s,t)R(zt)+U[S(;':)].

This is an integral equation for determining the initial function u (y, s).
Likewise, the equation (B,) of the homogeneous system reduces to the
homogeneous integral equation

8
) y(y,s)u(y,s)+f G(y:)u(y,t)dt=0.

©)

Now we impose the further condition that a(s) and B8(s) be such that
g(y, 8) do not vanish at any point of J,, so that the equations (5) and
(7) may be reduced to integral equations of the second kind. Let us,
then, examine this condition a little further by allowing the point y in the
expression g (y, 8) to vary in I,. Now

9(y,8) = a(s)e_-/; “’(E's)df_,_ﬂ(s)e—j:«p(s,s)dz

If g(y, ¢) ¥ O for a particular value of y, then

L

a(s) +B(s)e *0,
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i. e,

©) a0 +8@R(07) 0.

Conversely, if (C) is fulfilled, then we shall have g (y, ) # 0 throughout J,

for each value of y in I,. Thus the condition (C') and the condition ¢ (y, $)

# 0 are equivalent conditions, but it should be noticed that condition (C')

does not involve y. Hereafter we shall always assume that (C) is fulfilled.
Under the condition (C') the equations (5) and (7) become

& wwn=Faa+ [ E(,)uw
@ wwor= [ k(3w 0,
where

G S
K(y;)='_g£z:?’
o-o[o(3)

9(y,s)

The problem of solving the system (4, B) or (4o, Bo) then reduces to the
determination of the initial function « (y, s) from the equation (5") or (7').
The initial function so determined will give the solution of the system upon
substituting into the equation (3) or (4).

As in the theory of differential equations, the homogeneous system (4o, Bo)
is said to be incompatible if it possesses no non-trivial solution; it is said to
have compatibility of the kth order or index k if there are precisely k linearly
independent solutions.

Suppose u1(z,8), ---, u.(x, ¢) are linearly dependent solutions of the
homogeneous system (Ao, Bo). Then there exist constants ¢1, - -, ¢a, not
all zero, such that

crur(2,8)+ - +eaun(x,8) =0

®

F(?/"?) =

identically in I, J,; in particular,
clul(yr 3) + e + cnun(y’ 8) =0

for a particular value y in I,. Conversely, if the initial functions u;(y, s)
are linearly dependent, the solutions of the system formed by means of (4)
will be linearly dependent. Hence

TaeoreM 1. Under the condition (C'), a necessary and sufficient condition
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that the homogeneous system (Ao, Bo) have index k 1s that the integral equation
(7") have index* k.

TueoREM I'. A necessary and sufficient condition that the system (Ao, By),
subject to the condition (C), be incompatible vs that the Fredholm determinant
D (y) of the kernel K (,;) of the equation (7') does not vanisht; if D (y) van-
1shes, the index of the system 1s finite.

Since the condition (C) does not depend on y, the kernel K (,:) of (5')
and (7’) and the Fredholm determinant D (y) exist for every y in I,,. Conse-
quently, ¢f D (yo) + 0, the homogeneous system (Ao, Bp) will be incom-
patible and therefore the equation (7’) can have only the trivial solution
u(y,8) =0 for every y. Hence

TueorEM II. The Fredholm determinant, D (y), of the equations (5') and
(7") exther vanishes everywhere in I, or else vanishes nowhere.

Every solution of (4o, Bo) becomes, when « is changed into y, a solution
of (7). Conversely, however, a solution of (7’) will not, in general, when y
is changed to z, become a solution of (Ao, By), as is seen by the fact that a
solution of (7’) may be multiplied by an arbitrary function of y while a solution
of (Ao, By) cannot be multiplied by an arbitrary function of . -Consequently,
(4o, By) is not, in general, equivalent to (7'). It is, however, equivalent in
the special case in which (4o, By) is incompatible, since then (7’) also has
no solution except zero. In this case (A, B) has one and only one solution,
which must, therefore, be the unique solution of (5’). Hence

TraEOREM III. The systems (A, B), (Ao, Bo) are respectively equivalent
to the integral equations (5'), (7') whenever the homogeneous system (Ao, Bo)
18 tncompatible; when (Ao, Bo) is compatible, they are equivalent to (5'), (7')
together with the auxiliary equations (3), (4) respectively.

CoROLLARY. When the homogeneous system (Ao, Bo) s tncompatible, the
non-homogeneous system (A, B) has a unique solution, which is given by

9) u(z,s) =F(x,s)+£BQ(x':)F(x,t)dt,

where Q (%) s the resolvent function of the kernel K (.:) of the equations
(5"), (7). When the homogeneous system ts compatible, the non-homogeneous
system (A, B) possesses solutions if and only if

8
10) f ¢:(x,8)F(x,8)ds =0
for all solutions ¢;(x, s) of the equation

11) ¢(a:,s)=j:ﬁ¢(x,t)K(x;)dt.

* BOcher: An Introduction to the Study of Integral Equations, p. 45.
t Here the quantity y is regarded as a constant, but arbitrary.



372 MINFU TAH HU [October

4. INTEGRO-LINEAR INDEPENDENCE

A linear integral expression

Ulu;s] = a(s)ui(s) + B(s)uz(s)

1 8
+ [ 146, ) + Blo, us(n)1dr

is said to be integro-linearly self-dependent in the interval J, (or simply self-
dependent) if there exists a continuous function ¢ (s) in J,, not identically
zero, such that

2) fpc(s)U[u;s]ds=0

for every pair of continuous functions u;(s), uz(8); otherwise, it is said
to be self-independent. Two linear integral expressions Uy, U of the type (1)
are said to be integro-linearly dependent (or simply dependent) if there exist
continuous functions ¢; (8), ¢z (8), not both identically zero, such that

B
3 [ @@ Uitus o1 + o) Ulus s1)ds = 0

for every pair of continuous functions u, (¢) and . (8); otherwise they are
said to be independent.

The above definitions of independence and self-independence are obviously
a generalization of the notion of linear independence for a system of algebraic
expressions. We shall derive some necessary and sufficient conditions for
such dependence.

THEOREM I. A necessary and sufficient condition that the expression (1) be
self-dependent 13 that the equations

a(s)e(s) +fsc(r)A(r,3)dr=O,
@ i,
8()e(s) + [ e(r)B(r,9)dr =0

have a non-triwal solution c(s) in common. This function c(s) then satis-
fies (2), and conversely every function ¢ (8) which satisfies (2) also satisfies (4).

The theorem is an immediate result of (2) when we observe that u; (s)
and u, (¢) are arbitrary functions.

CoROLLARY. A sufficient condition that U[wu; s) be self-independent is that
etther one of the equations (4) possess no non-trivial solution.

TaEOREM II. When the U of formula (1), § 3, is self-dependent, the homo-
geneous system (Ao, Bo) of §3, subject to the condition (C) throughout J, as
considered, has always a non-trivial solution.
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By hypothesis there exists a continuous function ¢(s), not identically
zero in J,, which satisfies (2) and forms a common solution of the equations
(4). Multiplying (4) by R($’) and R(}*) respectively and adding the
results together, we have, by (6), § 3,

® swae@+ [ emfe(,)-v[s(2)]}a =0,

and this, by (8), § 3 and by (2) reduces to

9(y,8)c(s) = fBC(r)g(y, r)K(y;)dr.

«

As a solution of (7'), § 3, we have, then,

u(y,s) =g(y,s)c(s).

Consequently the system (A4, Boy) has a non-trivial solution.

TraEOREM III. If the homogeneous system (Ao, By), subject to the condition
(C), is compatible and if the expression U s self-independent, not every semsi-
homogeneous system
(4, Bo) Liul =X(z,s), Ulul=0
possesses a solution.

Suppose the system (A4, -By) does possess a solution for every A\ (z, s).
Then, by the Corollary to Theorem III, § 3,

8
[ e, o) F, =0

for every solution of the equation (11), § 3. This equation reduces to

el s

because of (8), § 3. Expanding U and substituting for w (}*) its value from
(13), § 2, we find

ff[ ( )q>1(y,83+f ( )Ql(y,t)dt])\(g,g)d,gdg
+j;j‘: [R(E")@g(y,s)+£ S(Z:)q’z(!f’t)dt])\(‘;’,s)dsdg=0,

where

_ ¢i(y,s) P ¢i(y,r)
By, 8) =al) J0o ") g

B (y,9) = By B2y [PHLL g g

A(r,s)dr,
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We now find the following equations by assuming first that N (&, s) is
zero when £ = y while it is still arbitrary when £ < y, and secondly that it is
zero when £ = y and arbitrary when £ > y:

B8
R(Zs)cbl(y,s)-i"f S(‘éﬁ)“’“%‘”‘” ==

B
R(gﬁ')cpz(y,s)+f S(::)fbg(y,t)dt=0 (y=t=b).

Letting £ = a in the first equation and £ = b in the second, we obtain
‘I’l(y,8)=0, ‘1)2(2/,3):0.

Consequently [¢:(y, $)1/[g(y,s)] is a solution of (4) which does not van-
ish identically since ¢; may be assumed not to be identically zero. There-
fore, by Theorem I, U is self-dependent, which is contrary to hypothesis.
TraeoreMm IV. A necessary condition that two linear expressions Uy, Us of
the type (1) be independent vs that each expression be self-independent.
THEOREM V. A necessary and sufficient condition that the self-tndependent
expressions Uy, U, be dependent on one another vs that the equations

8
ar(9)er(o) + en (e () + [ [ex(r) di(r, o)
+e1(r)As(r,s)]dr =0,
B
B()as () +Ba(9)ar(s) + [ [ea(r)Bilr, o)
+oi(r)Ba(r,8)]dr = 0

possess a common non-trivial solution ci(8), c2(s). These functions ¢, (3),
c2(8) then satisfy (3); and conversely every pair of functions ci1(s), ca(s8)
which satisfy (3) also satisfy (6).

These theorems follow immediately from the definitions of dependence
and independence so that no proof will be needed.

Let us now consider, more in detail, the case in which, for every value of
sind,,

(6

_ a1(8) a2(8)
(D) A(s) = Bi(s) Ba(s) +0.
Equations (6) may now be reduced to
% () = [ (Ka(s, e () + Kals, hea(]dt G =1,2),
where ‘
_(=1)ai(s) As(t,s)
® Kalo:D =56y 1 8eto) Besyto) |




1918] LINEAR INTEGRO-DIFFERENTIAL EQUATIONS 375

We shall call the set of functions

K11(8,t), K12(8:t):
9)

K21(8,t), K22(3’t)

the kernel-system of (7).
By the side of (7) we consider the associated non-homogeneous systent

8
(10) ci('?)=f£(3)+f[Kil(3,t)cl(t)+K.'2(8,t)cz(t)]dt (:=1,2).

We define with Fredholm two new intervals
JP: oy =8 =By J?: ay =8 =B,
such that oy < B1 = a3 < B,
Br—a1=Ps —ar=0 — a.
Let J, denote the combined interval of J\ and J?, so that
[Fras= [ Feyao+ [ Fisyas.
” A o)

We have also four square regions J§? (42, j = 1, 2) to consider, and J,,
will be used to indicate the totality of all the squares. Then we will map
our functions into the new intervals and regions in such a way that the func-
tions K;; composing the kernel system each occupy one of the four squares.
That is, we define

K(s,t)=Kij(s—ai+a,t—a;j+a) for a,
(11) f(8) =fi(s —ai + ) for Ji,
c(s) =ci(s —a;i+ a) for J! (i,j=1,2).

According to this notation, the equations (11) have the form

(12) dw=ﬂw+£mednw

This equation may be treated as an ordinary Fredholm equation by forming

the Fredholm determinant, A, and first minor, A (s, t), of the kernel K (s, ¢)

in the usual way. We shall call A the determinant of the kernel-system (9).
If A ¥ 0, the resolvent function

QG0 =288,
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satisfies the relations

Q(S,t) = K(s,1) +fQ(8,(T)K(0’,t)dO’,
(13) ”

Q(s, 1) =K(s,t)+fJK(8,a)Q(a,t)do;

and the equation (12) has one and only one solution,

(14) e(0) =1() + [ @, D).
Returning to the old coérdinates, we can define

Qii(s,t) =Q(s —a+ai, t —a+ a;) (for Ji2).

This is called the resolvent-system of the kernel-system K;;. Equations (13)
become

Qii(s,t) = Kij(s,t) +fB[Qi1(3,0)Klj(0,t)

) + Qu(s,0) K (0, 0)]do,
Qu(2,) = K (0,00 + [ [Ka(s,0)Qu(0, 1

) + Kaa(5,0) @i (0, 1)1 do,

(15)

and the solution (14) takes the form

8
(16) Ci(3)=fi(8)+j [Qin (8, t)f1(t) + Qua(s,t)fo(t)]dt (i=1,2).

We now easily infer the truth of the following lemmas:

LemMmA 1. A necessary and sufficient condition that the system (10) possess a
unique solution s that A & 0. If this condition is satisfied, the solution vs given
by formula (16); and, in particular, the trivial solution will be the only solution
of the homogeneous system (7).

LemMa II. When A = 0, the system (7) always possesses mon-trivial solu-
tions; and a necessary and suffictent condition that the system (10) have solutions
18 that the equation

B
an  [e@)ds = [ 1)) +4a()fa(0)1ds = 0

be satisfied by every solution  (8) of the equation

(18) Vo) = [vKE .

By combining Lemma I and Theorem V we have
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Tuaeorem VI. If U,, U, are self-independent and fulfill the condition (D)
for every value of S in J,, then a necessary and sufficient condition that they be
independent of each other is that the Fredholm determinant A of the kernel-system
(9) be different from zero.

TreoreMm VII. If Uy, U, fulfill the condition (D), the equations

(19) Ur=¢1(s), Uz=¢2(s),

when regarded as equations in u, (8) and ue (8), possess a unique solution if
and only if Uy, U, are independent.  Thrs solution s integro-lineqr in ¢, and ¢, .
For, if we replace u, and u, by

01(8) = aa(8)ur(8) + B2 (8)us(3),
22(8) = a1 (8)us(s) + Bi(s)u2(s),

and let fi = ¢2, f2 = ¢1, equations (19) become

B
v;(8) = fi(3) +f [v1(r)Kyi(r,8) + v2(r) Kei(r,8)]dr (i=1,2),
or simply

v(s) =f(s) +£’v(r)K(r,3)-dr.

This equation however has precisely the transposed kernel K (r, s), so that
it has a unique solution when and only when A # 0. The second part of
the theorem now follows readily.

CororrarY 1. If (D) 4s fulfilled, the homogeneous equations U, =0,
U, = 0 possess non-trivial solutions when and only when U,, U, are dependent.

CoroLLARY II. If U, 1s such that ai(s), B1(8) do not vanish together* and
if Uy = 0 admits no non-trivial solution, then every self-independent U, which
Sulfills (D) 1s tndependent of U, .

An important application of this corollary is that for a given self-independent
U, in which a3 (s), B81(s) do not vanish together, if there can be found a U,
such that (D) is satisfied and for which U, = 0 admits no solution other than
the trivial one, then U,, U, are independent. Unfortunately, I have as yet
been unable to determine whether such a U, always exists. We shall have
to leave this important general problem without giving a definite answer.
Instead we shall only show the following fact which includes several important
special cases in which we know U; can be found.

* Obviously (D) cannot be fulfilled if a; (s), B1(s) do vanish together. On the other

hand, if a; (8), 81 (s) do not vanish together, there always exist functions a; (8), B2 (s)
such that (D) is fulfilled, for instance az = — 81, B2 = a1.
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TueoreMm VIII. If for a given self-independent expression
Uilu] = aa(8)u1(8) + Br(s)uz(s)

B
+f [A1(s, r)ui(r) + By (e, r)us(r)]dr,

in which a;(s), B1(8) do not vanish together, there can be found constants k,,
ko such that k1 o1 (8), ke B1(8) do not vanish together and such that

Uilul = kioa(s)ui(8) + ke B1(8)us ()
8
+f [ky 4y (s, ) us (r) + ks By (s, )us (r)1dr = 0

admats no mon-trivial solution, then it is possible to find a U, such that (D) is
fulfilled and that Uy, U, are independent.

For, suppose k;, k. are both dlﬁerent from zero, then the theorem is obvious,
because if we group the constants 1, ks, with the unknown functions u; (s),
ug (8) respectively, then U, will have exactly the same form as U; so that
they both can have no solution. By Corollary II, a U, exists.

If k; = 0, then we must have k; + 0, a1 (8) % 0 for every value of s in J,,
and, further, on dividing U, by k;, the equation

B
Ui =a1(s)ui(s) +f Ai(s,r)ui(r)dr =0
has no non-trivial solution u; (s). Now if we define

B
Us =o1(8)us(s) + f A1(s, r)us(r)dr,

then U; = 0 will have no non-trivial solution u,(s), so that the equations
U, =0, U; =0 together will admit only the trivial solution u,(s) =0,
u3(8) = 0. The same argument will enable us to construct a U, for the
case ky = 0.

5. THE ApJoINT INTEGRO-DIFFERENTIAL EXPRESSION

DEFINITION.  The integro-differential expressions

au(a: 8)

L) =220 g uie, 0+ ()0,

av(x 8)

M[v] = + o (x,8)v{x,s) +f ( )v(x t)dt
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are said to be adjont to each other; the equations
(4o) Liu] =0,
(4) Mol =0

are called adjoint equations.
If we multiply L{«], M [v] respectively by »(z, s) and u (z, s), integrate
with respect to ¢, and subtract the results, we find

(1) fﬂ [v(:c, 8)L[u] — u(x,s)M[v]]ds = (%fsu(x,s)v(x,s)ds,

which may be called Lagrange’s Identity. Integrating again, with respect
to «, we have the Green’s theorem:

ff[vL[u]—uM[v]]dsdx
= [ tutan, )0 (a0, ) — u e, )0 (e, )1 ds.

These relations hold for any continuous functions u (z, ¢) and v»(x s), pro-
vided they have continuous first derivatives with respect to z.
Let us write for convenience (A4,) in the form

() _M[v]_av(:c 8)+¢(x $)v(x, 8)+f ( )v(x,t)dt=0.

A dash above a function will be used here consistently to indicate the corre-
sponding function of the adjoint equation. The solution of (A4;) may then
be written

3) v(x,s)=R<;8)v(y,3)+‘£B§(;j)v(y,t)dt.

There are important symmetrical relations between the functions

R(“),s(”), R(“), and ’S‘(“)
Yy yt Y yt

To obtain such relations, let us apply Green’s theorem to the solutions of
(Ao) and (A,). For such functions, u, v, Green’s theorem becomes

4) fsu(xl,é’)”(ml,s)@=f8u(x2’8)’”(x2,3)d3

for any pair of values 1, ; in I,.

Let 23, z4 be respectively the points at which the initial functions of u, »
Trans. Am. Math. Soc. 28
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are to be assigned. Then, by (12), § 2, the solutions have the forms

u(x,s8) = R(:ss)u(xa,s) +IBS(z3';)u(x3,t)dt,
v(x,s8) = R(is)v(u,s) +£ﬁ§(:;)v(u, t)dt.

Substituting into (4) and regrouping the terms, we find

fsf(8)U(z3,8)d8 = 0)

where
_ r18\=/[/ %18 _ X2 8 =[ X2 8
f(s)_[R(xs )R(f% ) R(“«'a )R(% )]v(u,s)
8 x 8 (1 i
+f[ ( ) (9«‘4t)+R($4 )S(xsa)
xr rr 28 \=[ %28
+f (xs-?) (&t)dr—R(xs )S(&lt)
B _
_R('”")s(‘””)-f S(x”)S(xzr>dr]v(m4,t)dt.
T4 x3 8 A X3 8 Xyt
Since the initial function u (3, s) is arbitrary, we conclude that f(s) = 0.

Moreover, the initial function v (x4, 8) is also arbitrary, so that, by the lemma
to be proved presently, we obtain the following identities:

r(3)e(z)-= ()R,
R(3)s (@) (2 (@) +[s (s ()

-a(5)s )+ 2 () ()
+fs(50)s (G

These relations hold identically in I, ..m Js and I, ., Js respectively.
In particular, if we let z = 2; = 23, y = 22 = 2, we have*

=fzs 8 =fxs t
o B(G)-r(). 5(5)-s(2)
] T yt T8
* The first relation (6), and also the first relation (7), may also be inferred from the defini-
tion of R; see (2), § 2.

(®)
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Letting x = 21,y = @, = 23 = x,, we have
R(ms)R(xs)=1’
Yy Yy
@ z8\=/zxs xt zt 8 xr zr
R(y )S(yt)+R<y )S(ys)-l'j.: S( 8)S(yt)dr=0'

A special case of interest is when L[u] is anti-self-adjoint, i. e., when
L{u]l= — M[u]. In this case, we must have

®) s =0, v(,5)=-v(,1)

Consequently, we have

o () s()=0)-5(2)

We will now prove the lemma which we have referred to, and which will be
useful again later.

LemMA. If h(38) and H (s, t) are continuous functions such that
B
(10) )t + [ Hs,0)p(dt =0

for every continuous function ¢ (8), then h(s) = 0and H(s,t) =0.
It is sufficient to show A(sy) = 0 when a < 39 < 3, because it will then
follow from the continuity of k that.h(s) = 0, and therefore H (st) = 0.
Let 3¢ be any interior point of the interval J,. Let a particular function
¢ (8) be defined as follows:

0 for |8 — 80| >,
p(8) =11 for s = s,
continuous, positiveand = 1 for |s —s0| Ze.
Then from (10)
+ e
h(s0) + H(s0,t)¢(t)dt =0.

8o—e

By the first law of the mean,
h(s0) + 2 (30, t1) ¢ (81) =0,
where 8p — e <t <o+ €. Let |H(s,t)| < M, then
[h(30) | = 2¢¢ (1) | H (80, 1) | < 2eM;
hence k(s0) = 0.
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6. A Mopiriep ForM FOrR GREEN’s THEOREM*

Let Ui[u;s], Uz[u; ¢] be the two integro-linear forms

Uilu; 8] = ai(8)u(a, s) + Bi(s)u(b,s)

W ’
+ [ 4o, uta, ) + Bels, ub, N1dr G=1,2).

Regarding (1) as equations in u (a, ¢) and (b, ¢), and Ui[wu; 8], Uz[u; 8]
as known functions of s, it is seen (Theorem VII, § 4) that if the condition
(D) is fulfilled, it is possible to solve for u (a, $), u (b, ¢) uniquely in terms
of U, and U., provided the forms are independent; and furthermore, that
the unique solution will consist of two integro-linear forms in U; and U, of
the same form as (1). In this case, the second member of Green’s Theorem
((2), § 5), in which we put 2; = a and 2, = b, thus becomes

[ 1ues, )00, 9) — ua, )0(a, )1ds
@ - "
=f (Ui{u; 8] Val[v; 8] + Uzlu; 8] Vi[o; s])ds,

where V1[v; 8], Va[v; s] are integro-linear forms in »(a, ¢) and (b, 8) of
the form

Vilv; 8] = vi(8)v(a,s) + 8:(s)v(b, s)

®) ,
+ [ 1Cts 0@, 1) + DiCs, (b, N1dr G=1,2).

Thus we see that Green’s theorem may always be written in the form
f f v(x,s)L]u] —u(x, 3)M[1)]dsdx)

(€]
= [ (Uiw 1 Valns 01 4 Ualws o1 Vilos 1) do
if U; and U, are independent and satisfy condition (D).

Now, suppose (D) is not satisfied, or that (D) is satisfied but U, and U,
are dependent. Will it be still possible to determine V; and V; so that the
identity (2) will hold? Let us fird the conditions under which V', V; can
be determined so as to satisfy (2).

Assuming that U, U, have the form (1) and V;, V. the form (3), let us
then determine the continuous functions 7v;, 8;, C;, D; (2 =1, 2) so that

*In connection with §§6, 7 see the corresponding developments for differential equa-

tions given in these Transactions by Birkhoff, vol. 9 (1908), p. 373, and Bécher,
vol. 14 (1913), p. 415.
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(2) holds for every- set of continuous functions u(a, s), u(b, s), v(a, s),
9(b,s). It may be remarked here that the notations U;[u;s], U;[u],
U:(8), U; will be used indiscriminately for convenience, the same being
true for V;.

On substituting (1) in (2) and equating the coefficients of the arbitrary
functions % (a, 8) and 4 (b, ¢), we obtain

B
e () Vil o + es () Valws ol + [ (Valosrlda(r, o)

+ Valv;r]4a(r, s) ) dr = —v(a,s),
© ;
B () Vlns ] + () Valosol + [ (ValosrBaCr, o)

+ Va[v;r]Bi(r,8) ) dr = (b, s)

as a necessary and sufficient condition that U;, U defined by (1) should
satisfy (2). Substituting in these equations the expressions for V; and V.
from (3) and collecting the coefficients of the arbitrary functions v(a, s)
and v (b, ¢), we find, by the lemma proved at the end of § 5, that the following
identities give a necessary and sufficient condition for V', ¥ as defined by (3)
to satisfy (5):

az(8)7v1(8) + a1 (8)v2(s) +1 =0,

(6e) B2 (8)v1(8) + B1(8)v2(8) =0,
az(8)01(8) + a1(8)d:(8) =0,
(6d)
B2(8)8:1(8) + B1(8)d2(s) —1=0,
o3 (8)Ci(s,7) + ai1(8)Ca(s, 1) + 71(r) 42(r, 8)
+ 72 (r) As(r, 8)
B
+ [ (4t )00t 1) + As(t, ) Catt, 1)) dt = 0,
(7a)

B2(8)C1(s,7) + B1(8)Ca(s, 1) + v1(r)Bs(r,3)
+ v2(r)Bi(r, )

M (Bt 0t 1) + Bt ) Gt 1)) dt = 0,
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as(s)Di(s,r) + a1 (8)Dy(s,r) + 8:(r) Az (r, s)
+ 82(r) 41(r, 8)

J:]
+f (As(t,8) D (¢, 1) + 41 (¢, 8)Da(t, 1)) dt = 0,

@) o (5)Ds(s, 1) + B1(5) Da(s, 1) + 3 () Ba(r, 8)

+ 82 (r) Bi(r, 3)
8
+f (By(t,8)Ds(t,7) + Bi(t,8)Ds(t,r))dt = 0.

Thus these eight equations form a necessary and sufficient condition that U,,
Us, V1, Vs as defined by (1) and (3) satisfy (2). We will now inquire under
what conditions the continuous functions v;, 8;, C;, D; (z =1, 2) can be
determined to satisfy equations (6a), (6b), (7a), (7b).

If A(s) # 0 for every value of s in J,, there will be a unique solution of
equations (6a) and (6b), namely

® v = (=075 s = (-DREE G-,

On the other hand, if for a particular value, s, we have A (so) = 0, then,
in order that the matrix and the augmented matrix of the system (6a) have
the same rank, we must have B;(sy) = 82(s9) = 0. But this cannot be
the case, as we see from the second equation (6b). Consequently, v, 8;
cannot be determined when the condition (D) is not fulfilled. The condition
(D) is then a first necessary condition that we have to impose on U, U,
in order that the problem in question be possible.

Assuming then that (D) is satisfied by U, and U, let us now consider
the system (7a).

Using the notation (8), § 4 and letting

0% (1‘) K,?(s,r)
fi(s, 1) =l-—'Y:(") Ka(s,r)

© di1(r) Ka(s,r)]

gi(8,1) = ‘ — 0 (r) Ka(s,r)

’

’

the equations (7a) may readily be reduced to the form

B
(10) Ci(s,r) =fi(s,r) +f [Ka(s, t)Ci(t, 1)
+ K (s,t)Ce(t,r)]dt (i=1,2).
In this form we have precisely a system of equations of the type (10), § 4.
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Now if the Fredholm determinant A of the kernel system K,; (s, t), (¢, =1,
2), is different from zero, we have by Lemma I, § 4, a unique solution of the
equations, which is given by

B
Ci(s, ) =fi(o, 1) + [ [Qu (o, a8, 1) +Qa (o, DS (1, 1)1
(i=1,2).

Because of (9) and the resolvent relations (15), § 4, this solution simplifies into

] M) Qate,n -
Cile, 1) = = 72(r) Qu(s,r) =12,

and because of (8) it further reduces to

__1 |B(r) Qa(s,r) .
an Cole: 1) =553 1B2(r) Qa(s,m) G=12).
Similarly, for the system (7b) we have the unique solution

1 Jai(r) Qu(s,r) .
(12) Di(-?,f) _A(T) az(r) Qil(3,r) (1""1;2)°

On the other hand, if A = 0, solutions of (7a), (7b) both exist by Lemma II,
§ 4, if and only if

8
[ )fio, 1) + ¥ 0)fa (0,1 de = 0,

[ @t + 666,01 =0
for every non-trivial solution, ¥, (), ¥2(s), of the equations
(13) vi(s) = [p[¢1(t)K1i(t, 8) + Y2 (1) Kui(t,8)]dt (i=1,2).
Suppose both of these conditions are satisfied. Substituting the values of

f1, %2, g1, g2 from (9) and 1, vz, 61, 8; from (8), we have

8
BAIE:§1: ['pl(s)Kll(s, T) +¢2(8)K21(8, r)]d\?

8
_%%I [¥1(8) K1z (8, 7) + ¥2(8) Kz (8,7)]ds =0,

ay(r)

A(r)‘/a‘ﬁ[‘pl(s)Kll(s, T) +¢2(8)K21(8,7')]d8

as (r)

— A(r)i‘ﬂ['pl(t?)Klz(S, r) +¢2(3)K22(8, r)]ds =0.
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These equations may now be regarded as a system of linear algebraic equations
whose determinant, A (r), does not vanish for any value of r in J,. Whence

fs[¢1(3)K1i(817)+¢2(3)K2i(3,7')]d3=0 (¢=1,2),

i. e, 1 =0, Y2 = 0 because of (13). But this is contrary to the fact that
¥1(8), ¥2(8) are a non-trivial solution of (13). Hence C;, D; cannot be
determined when A = 0. Thus we have A 3 0 as a second necessary con-
dition to be imposed on Uy, U,; that is (§ 4, Theorem VI), U,, U, must be
independent in addition to fulfilling the condition (D). Hence

TaeoREM 1. A necessary and sufficient condition that the expressions V1, V,
of the type (3) be determinable so that the identity (2) holds for every set of con-
tinuous functions u(a,s), u(b,s), v(a,s), v(b, s), is that Uy, U, fulfill
condition (D) and that they be independent. The determination is unique and
given by formulas (3), (8), (11), (12).

Now let us suppose that we start from the expressions V1, V, just deter-
mined and that we try to determine Uy, U so as to satisfy (3). We form the
determinants A (g), A for the expressions Vy, ¥V, corresponding to the deter-
minants A (8), A for U, U,, and denote by (D) the condition that, for
every value of ¢ in J,, A(s) & 0. Then, by the theorem just stated, since
U., U; do exist, we have the

CoroLrArY I. If Uiy, U, are independent and fulfill the condition (D),
then the expressions V1, Vs are also independent and fulfill the condition (D).
Thus in this case the two sets of expressions are uniquely determinable from
each other.

We see that the necessary and sufficient condition of Theorem I is precisely
a necessary and sufficient condition that the system U, = 0, U, = 0, admit
no non-trivial solution (Theorem VII, Corollary I, § 4). Hence

CoroLLARY II. If U,, U, are such that the system U, =0, Uy =0,
admats no non-trivial solution, then V1, Vs, can be determined and they are such
that the system V1 = 0, Ve = 0, admits-no non-trivial solution.

The following fact will be useful later.

CoroLrary III. If Vi, V, exist, then u(a,s), u(b, s) can be uniquely
expressed in terms of Uy and U, in the form

u(a,s) = —712(8)Ur(s) — v1(8) Ua(s)
B
—f [Ui(r)Ce(r,s8) 4+ Us(r)Ci(r,s)]ldr,
14
(14 u(b,s) =08(s)Ui(s) + d:1(s)Uz(3)

+ [0 Da(r, ) + Ta(r) D, )1
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The existence of a unique solution follows from Theorem VII, § 4, and
there it is also shown that the solution is integro-linear in U; and U;. Thus
we need now only to verify the formulee (14). For this purpose we assume

u(a,s) = o (s) Us(s) + o (s) U (s)
B
+f (4] (s, 1) Us (r) + 4i(s, 1) Ua(r)1dr,
w(b,s) = B.(8) Us(s) + B (s) U (s)

B
+f [Bi(s, 1) Us(r) + Bi(s, ) Us(r)]dr.

Substituting in the expression

[ 1u e, 006, 9) — ua, )0(a, )1ds

and collecting the coefficients of Uy and U, we find

[ tut, )06, 0) — u(a, 9)0(a, 9)1ds
as

I]
- f [Us(s)Vi(s) + Us(s) Vi (s)]ds,

where

Vi(s) = — ai(s)0(a, s) + Bi(2)v(b, s)
(16) 8
~ [T t(a, ) i, ) — 05, D) Bi(r, ) 1.

But (15) is exactly the identity (2). Since we have seen that for each given
set of U; and Us, the expressions V1, V, are uniquely determined and are
given by (3), the expressions (16) and (13) are identical. Hence we have
the formulas (14).

7. THE ADJOINT SYSTEM

It has been seen that the expressions V', V, are uniquely determined for
each U, integro-linearly independent of U; and fulfilling (D). Now let U
be another expression independent of U, and let ¥y, V, be the corresponding
expressions thereby determined. We are to see how the two sets of V; are
related to one another.

The two sets of expressions, Uy, Uz, V1, Vi, and Ui, U;, Vi, Vs, satisfy
the identity (2) of § 6. Consequently,

B
f ((Usluss]Valv; 8] + Uslu; 2] Va[0; 81) ds

=fﬁ(U1[u;8]V'z[v;S] + Uslu; s1Vi[0; 81)ds.
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Let Uy, U, U; be written in their full form and the coefficients of the arbitrary
functions % (a, ), » (b, 8) be equated to zero; we obtain

a1 (s)Va[v;8] + as(s) Vi[v; 8]
B
+ [ (40, 9) Valos vl + A (e, ) Vilos 71) dr
=o1(8)Vi[v;8] + az () Vi[v; 8]

+ [ (e, ) Vilos 11 4+ A3, ) Vi3 1)
B (o) Valvs 21 4+ Ba(o) Vil ]
+ [ (Bitr, ) Valos o) 4 Batr, ) Vil ) dr
=B1(8)Vilv; 8] + B2(s) Vi[o; 3]
+ [ (B, ) Vilos 71t Balr, ) Vil 1) dr.

Let us denote by ®[V’; 8], ¥ [ V’; 8] respectively the expressions on the right
of these equations. Since A (s) # 0, we find

B
Vitossl = BilV'ssl+ [ (Ka(o,r)Vilosrl + Ka(s, r)Valos rl) dr

(¢ = 1, 2):
where ,
(=17 ai(s) 2[V';s]
A(s) [Bi(s) Y[V'5s]]
The expressions F;, F, are integro-linear and homogeneous in V| and V.

As A # 0, these equations may be solved for V; and V,, and the solution
is unique, having the form

F[V';s] =

B
Vilv; s]1 = F:[V’; s] +f (Qu (s, r)F1[V'; v+ Qe (s, r) Fo[V'; 7)) dr
: (i=1,2).
The expressions in the second member are obviously integro-linear and homo-
geneous in ¥V} and V3, so that these equations may be regarded as an integro-
linear transformation between the expressions V;, ¥V, and V), V;. Upon

simplifications due to the resolvent relations (15) of § 4, these equations take
the final form

Vilv; 8] = Mi(8)Vi[0;s] +fB Ni(s, r)Vilo;r]dr,

) 8
Valv;8] = Vilv; 8] + Ma(s)Vi[v; 8] +f Ny(s,r)Vi[v;r]dr.
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Similar equations may be obtained for expressing V', V5 in terms of V, V,
by solving (1) for V7, V;. Itisimportant to notice that both of these integro-
linear transformations are unique, since all the coefficients depend only on
the coefficients of U;, Us,, and Us;.

The importance of the equations (2) lies in the fact that V', is integro-
linear and homogeneous in ¥V, so that whenever the boundary condition
Vi = 0 is satisfied, the condition V; = 0 is also satisfied, and vice versa.
For this reason, we may state:

TaEOREM I. The condition Vi = 0 is essentially determined by the condi-
tion Uy = 0, and conversely.

DEeFINITION. A pair of boundary conditions U; = 0, V; = 0 are said to
be adjoint to each other if U,, V; satisfy a relation of the form (2), § 6, where
U is independent of U; and the condition A (s) # 0 is fulfilled. The systems

‘4o) Llu] =0, (Bo) Ui[u] =0,
(4o) MJo] =0, (By) Vi[v] =0

are called adjoint systems.

It follows from Theorem VIII, § 4, that an adjoint boundary condition
always exists if the function a; (s) does not vanish in J, and the Fredholm
determinant of [ — 4;(s, 7)]/[a1(8)] is not zero; and also under certain
more general conditions there specified.

As we have done in § 3, we will restrict ourselves to the case in which the
system (Ao, By) is subject to the condition

b
() a1 (8) +R(as)6l(3) £0.
If we consider the adjoint system (Zo, By), we find that a similar condition
~ — (b
(@) () +E(27) () +0
is fulfilled. For, from the formule (8), § 6 and (6), (7), § 5, we have
s guo) + (7))
’71(8)+R(a )81(8)= A(S)
bs
ar(0) +R()7) (o)
- . bs
A(s)R(a )

Hence
THEOREM II. If the system (Ao, Bo) fulfills the condition (C), then the
adjoint system (Ao, Bo) fulfills a similar condition (C).
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We shall next prove L

TueoreM III. The adjoint systems (Ao, Bo), (Ao, Bo), subject tc the
condition (C), have the same indezx.

Let n be the index of the system (Ao, Bo) and m that of the adjoint system
(Ao, Bo). Letws, -+, u, and vy, - -, v, be respectively complete sets of
linearly independent solutions of the systems. Let u be any solution of the
equation (Ao), and v any solution of (4,).

Applying Green’s theorem to u and v;, we have

8
®) f Urlu; 8] Va[vi;8]ds = 0 (i=1,2,,m)

for all solutions u of (A,). As before, let y be any fixed value of « at which
the initial function u (y, s) is assigned. Then, by formula (7), § 3,

B
Ui sl = g, )uty ) + [ 6( 2 )utw, ),

where g(y,s) and G (,!) are given by (6), § 3. Because (3) has to hold
for all continuous functions % (y, ), we have

B
0(y,8)Valos o] +f Vz[%ﬂ]G(yZ)dr o,

or

B
9(y,38)Valvss] =f g(y,r)Vz[v,-;r]K(y;)dr.,

That is to say, ¢:(y,3) = g(y,8)Va[w;s], (¢ =1,2,---,m), are solu-
tions of the equation

) s = [ o,k (7).

On the other hand, the initial functions of u;, - - -, u, form a complete set of
linearly independent solutions of the equation

© wwo) = [ K(,2)uty,

adjoint to (4). Hence if it can be shown (as we will now do) that the func-
tions Vy[v;58] (¢ =1,2, -+, m) are linearly independent, then ¢;(y, s)
will constitute m linearly independent solutions of (4), and therefore m = n.

For, suppose V[ 2;; 8] (¢ = 1,2, ---, m) were linearly dependent. Then
there would exist constants ¢;, - -+, ¢, not all zero, such that

e Valv; 814 -« +cnValvm; 8] = 0.
Let us define
D=Cc0+ " + CnOm.
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Then 2, is also a non-trivial solution of the system (4o, Bo), and satisfies
Valve; 8]l = erValvi;8] + -+ + cn Va[va; 8] = 0.

But this is contradictory, because V; =0, V, = 0 admit no non-trivial
solution. This completes the proof that m = n.
In the same manner, the functions ¢; (y, s) = g(y, s) Ua[u;;8] (2 =1,2,
-+, n) form = linearly independent solutions of the equation

© v = [y k()

where K has the same meaning in the adjoint system (Ao, Bo) as K has in
the original system (Ay, By). On the other hand, the initial functions of
1, + -+, U form a complete set of linearly independent solutions of the equation

(N v(y,s)=£sf(x;)v(y,r)dr

adjoint to (6). Hence n = m. When combined with the previous result,
we have m =n. Thus we have established Theorem III and also

TaeoreM IV. Let w1, ---, u, be a complete set of linearly independent
solutions of the system (Ao, Bo), and vy, - -+, v, a complete set of linearly inde-
pendent solutions of the adjoint system (Ao, Bo). Then the functions

(8) ¢i(y,8)=g(y,3)V2['Di;3] (i=1,2,.--,n)
form a complete set of linearly independent solutions of the equation (4), and the
functions
9) ¥i(y,8) = g(y, ) Uslus; s8] (i=1,2,+,n)
form a complete set of linearly independent solutions of the equation (6).
If we replace ¢;(y, s) in the equation (10) of § 3 by the values (8), we
obtain from the second part of the Corollary of Theorem III, § 3, the
TaeorREM V. A necessary and sufficient condition that a mon-homogeneous
system (A, B), subject to the condition (C), possess a solution when the reduced
system (Ao, By) ts compatible and when the adjoint system (f_lo, Eo)' exists,
18 that

R
(10) [ Fw 9, 0Vl slds =0

for every v; whick satisfies the adjoint system (Ao, Bo).

By means of (8), § 3, this condition may be given the form

(11) jf(’y(s)—U;I:w<xy8>]>'/2[v,~;s]dsEO.
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8. THE SELF-ADJOINT BOoUNDARY CONDITIONS

We have shown that two different choices of the auxiliary boundary ex-
pression U, independent of the given U; and fulfilling the condition (D)
lead to two expressions V; which are connected by an integro-linear trans-
formation. Furthermore, this transformation is unique in both ways. This
fact is important for us here, because in seeking the conditions that a given
expression U, be self-adjoint, it is sufficient to seek the conditions that a par-
ticular V' thereby determined be connected with U; by an integro-linear
transformation.* It is clear that if one particular V', is integro-linearly con-
nected with Uy, then every V; will be so connected.

Suppose the condition U; = 0 is self-adjoint, and that, for a particular
choice of U;, we have

B
W Vilwel= MO ilwsl+ [ N, 0 Uilws a1,

where
Uilu; 8] = an(s)u(a, s) + Br(s)u(b, s)

[ 1iGs, yuta, ) + Bula, nyuis, e,
Vilu;s] = v1(s)u(a,s) + 0:(s)u(b, s)

+ (106, uta,n) + Digs, 1wy, n1dr,
the functions v, 8;, Ci, D; having the values given by the equations (8),

(11), and (12) of § 6. The equation (1) may be thrown into the following
form

Vilus o] = M(s)en(s)u(a, 2) + M(s)B()u (b, )
+f][M(s)A1(s,r)+N(8,r)a1(r)
+fN(s,t)A1(t,r)dt]u(a,r)dr
+I5[M(3)Bl(s,r) + N (s,1)Bu(r)

B8
+ [ N 0B b,
whereby we obtain )
(2) v1(8) = M(s)au(s),

* Professor D. Jackson takes the same point of view in his article, in these Transac-
tions, vol. 17 (1916), pp. 418-424.
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@) 1(9) = M (9)a(s),
8
3 Cilos 1) = M (o) di(o,7) + N (s, Vaa(r) + [ N, 8) du(t, 1),

@3) Di(s,r) = M(s)Bi(s,7) + N(s,7)Bi(r) +faN(8, t)Bi(t, r)dt.

Equations (2) and (3) may be regarded as determining the functions M
and N; equations (2’) and (3’) then constitute the conditions which must be
imposed on U, in order that it be self-adjoint.

Substituting the values from (8), § 6, for v, and §,, the equations (2), (2’)
become

A(8)M(s)ar(s) — Br(s) = 0.
a1(8) —A(s)M(s)B:(s) =0.

Now a;(8) and B;(s) cannot vanish together since we must have A (s) F 0
throughout J, in order that the adjoint expressions exist. Hence, we must
have

A(s)M(s) 1 ~0
1 A(S)M(s)|
for every value of s in J. That is,
1
M(s) ==+ A——(——S) .
It follows that
4 a1(8) = £ B1(s) £ 0 (throughout J,) .
Conversely, when (4) is satisfied,
1
M(s) ==+ AT&) .

Equation (4) is a first necessary condition.

Assuming then that (4) is satisfied, let us proceed to consider the equations
(3), (3’). These equations are Fredholm equations with the kernels
—[4:1(¢, 7))/ [aa(r)] and — [B1(t, r)1/[B1(r)] respectively. It is con-
ceivable that the Fredholm determinant of either one of these kernels might
be zero. We shall now show that in such case, no self-adjoint system is
possible.

Let us suppose the Fredholm determinant of the kernel — [A4,(¢,r)]/
[a1(r)] to be zero, and a self-adjoint expression to exist so that the equation
(3) has a solution. For this it is necessary that

B Ci(s,r) 1 Ai(s, 1)
(5) f ‘“')[ a(r) ~ £A(s) an(r) ]d’=°
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for every non-trivial solution ¢ (r) of the transposed equation

(6) é(r) =£B[—A;f€;)t)]¢(t)dt.

The =+ signs correspond to those of (4). Because of (6), the condition (5)

has the form
8
2t [ smar-o,

‘ +A(s) o ()
or, since
(5) _Bi(s) _ Eoau(s)
YT AG) T A
#(s) # o(r), _
™ @25+ [ nEEa=o.
Let us put
u(a,s) =i—§-§§, u(b,s) =0.

Then equations (6) and (7) become
Uy[u;81 =0, Vilu;s] =0.

The identity (2), § 6 now becomes, if we let u (z, s) = v(z, s),

$(s)
- f [al (3) ] =9,

whence ¢ (s) = 0. But this is contrary to the fact that ¢ (s) is a non-
trivial solution of (6). Thus we have derived a second necessary condition
for the existence of self-adjoint expressions, namely, that both* — [ 4, (¢, 7)]/
[ar(r)] and — [Bi(%,7r)1/[B1(r)] have non-vanishing Fredholm deter-
minants. This condition is sufficient to insure the existence of a unique
solution for each of the equations (3), (3’), and we shall have a third necessary
condition upon equating these solutions to each other. It is also clear that
these three necessary conditions combined are also sufficient for the existence
of self-adjoint expressions.

To determine the explicit form of the third condition, it is convenient to
choose a particular U, which will simplify the computation. We shall choose
for instance U, such that

x(8) =0, fa(s)=1, As(s,r)=Bs(s,r)=0.

This U, is integro-linearly independent of the given U;. To prove this we
——*A;I';hiergl-'o_oTior — [B:i(t,r)1/[B:1(r)] proceeds exactly in the same way.
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note that A(s) = a;(s) + 0 in J,; and according to the notations of § 4,
Ku(s, T) = K21(8, 'I’) = 0,
Ai(r,s) (throughout J,,).

a1(8)

K22(8,T) = -

)

Consequently K (s, r) = 0 whenever the second argument 7 is in the interval

JO . Let us write for short
__Au(r,8) By (r,s)
A(‘?!T)_ a(s) ) 31(8) ’

and denote their resolvent functions, which by hypothesis exist, by A’ (s, r),
#8 (s,r). Then

— n (n)
B (o
n=0 4 81°°* S
B(n)
=n=0 n! f f ( * )dsl d8

This is different from zero, because it is precisely the Fredholm determinant
of the kernel A (s, 7). This completes the proof that U, is integro-linearly
independent of U; by Theorem VI, § 4.

From the resolvent relations (15), § 4, we have also the following further

facts:
Qu(s,r) = Qu(s,r) =0,

;]
Qu(2,7) = Kua (0,7 + [ Qua (s, ) Kn(t, 1),

B(s,r) = —

8
Qu(s,r) = Kn(o, 1) + [ Kun(s,0Qu(t, N,

8
Qm(&,f) = K12(8,T) +f Km(.?,t)sz(t,T)dt,
whence Q52 (s, r) = A’(s,r). Furthermore,
Qu2(s, 1)
al(r)

If we let a;1(8) = = B1(s) =1, as we may do without loss of generality,
we have

A(8)=l, A(317)=_A1(T:8)’ 3(8,7)=$B1(r’3),
K12(3:T) = :I:S(S,T) :FA('S',T),

Ci(s,r) = — s Di(s,r) =0.

—Cu(s,r) = Qule, 1) = FA (5,1 £ B, & [ B(s,OA (1),

Trans. Am. Math. Soc. 26
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and the equations (3), (3’) have the following form
N(s,r) =Ci(s,r) +A(r,s) +£3A(r, tYN(s,t)dt,
N(s,r)=+8B(r,s) +£Bﬁ(r,t)N(s,t)dt.

Solving,
B
Ns,r) = [Cilo, ) £ A0+ [ AL 01C (s, ) £ AL )1

=+ [A’(s, r) + A (r,s) +f5A’(3, YA (r, t)dt] FH8B(s,r)

= [ &6, [a@n+a0
+fBA'(a,t)A'(r,t)dt]da,
N(s,r)=+8B(r,s) :I:fBB’(r,t)B(t,s)dt =+ B (r,s).

Equating and transposing,

[A’(s, DA+ [ NG OXC, t>dt] —B(s,r) + B (r,5)

+fm(3,a)[x(a,r) +A'(r,0) +£ﬂi\'(a,t)A’(r,t)dt]do.

Upon solving and simplifying, we obtain the last condition in the final form

N +R (0 + [ AN (0
®) e
=8 (s,r) +8B(r,s) + fﬂﬁ’(s,a)ﬂ’(r,a)da.

TaEOREM 1. Every self-adjoint integro-linear boundary condition may be
reduced to the form
Ulu;8] =u(a,s) £ u(db,s) —fB [u(a,r)A(r,s)
) +u(b,r)B(r,s)]dr =0,
in which the Fredholm determinants of A and B are not zero and their resolvent

functions A’ and B’ satisfy the relation (8). Conversely, every condition of
this form s self-adjoint, provided, of course, that the condition (C)

1:[:R(b8>=|=0

a

is fulfilled.
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CoROLLARY. When the integro-differential expression L [ u ] vs anti-self-adjoint
and the boundary condition Uy[u] = 0 s self-adjoint, the latter must have the
Sform

B
Ulul=u(a,) +ulb,0) ~ [ [u(a, DAl
+u(b,r)B(r,s)]dr =0.

For, when L[u] is anti-self-adjoint, R (}°) = 1; so the condition (C) will
not be satisfied when oo (8) = — 8(s) = 1.

9. Tee GREEN’S FuNcTIONS

In the theory of linear differential equations the conception of the Green’s
functions enables us to write down in an explicit form the solution of a semi-
homogeneous boundary problem consisting of a single linear differential equa-
tion of the nth order, or a system of n linear differential equations of the first
order, and of a system of n homogeneous linear boundary equations, whenever
the reduced system is incompatible.*

Following out this analogy, we are led to try to find a solution of a system

(4, Bo) L{u] =\(z,8), Ulu]l=0

in the form

W wn= [T Dwoa+ [ [o(2)rw nad,

where H and G are independent of A. These two functions we shall call the
system of Green’s functions for (A4, By). We may arrive at such functions
by imposing certain conditions of discontinuity suggested by the discon-
tinuities of Green’s functions for differential equations.

Let G (;;) be continuous, together with its first partial derivative with
respect to x, throughout the region I, J,; let H (') be continuous, to-
gether with its first partial derivative with respect to x, throughout each of
the following regions:

T: {a=y=z=0b,J,}, T: fasx=y=b, J.};

finally let H possess a discontinuity when x = y of the type

o))

* Birkhoff, these Transactions, vol.9 (1908), p. 377 ; Bounitzky, Liouville’s
Journal, ser. 6, vol. 5 (1909), p. 65; B6cher, Annals of Mathematics,
ser. 2, vol. 13 (1911-12), p. 71.
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We use the notation H (J*°) tomeanlim H, (}*<°) € > 0; also
€e=0

y _ s
H(yi ) ]‘TH(xd:e )

Because of the continuity throughout T; and T,, it is clear that

+,s y s
1y =) -n(y=")
y yF

Replacing » by its value from (1), we find

sr-[u(z )12,
+f{ ( )+¢<x, (% )]My,s)dy
[ LG+ () Do,

Hence, on account of (2), u as given by (1) satisfies (4 ) for every continuous
function X (x, s) if and only if H (]*) and G (];) respectively satisfy the

equations
o (3) .
® L ot 0 (27) =0,

@ L[G(;i>]=“”(xi)ﬂ(;t)‘

Both of these equations have to be considered separately in the regions T,
and T., although the formal work is the same.

We may now regard the functions

w(ytr)on(3 ™) o(3)
y y yt

as the initial functions given at a fixed point y in the interval I,. These
functions will at present be assumed to be continuous in their respective
variables, and to satisfy condition (2); otherwise they are arbitrary, pending
further determination.

By (2), § 2, the solution of (3) is

o ()R

in which the = signs correspond respectively to the regions Ty, T,.
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The equation (4) may be solved by the result of § 2 in the form
6(51) -2 (V) + [[s(o)e(F7)e
1)) r () (o)) () e

By Corollary III, Theorem I, § 2, this simplifies into
xs\ xs ys B (xs yo
G(zlt)_R(y )G(yt>+l S(ycr)G(yt)d'I
xs .ft)
0 bii dt.
"‘f,,. (£t> (y :

Replacing H ({‘) by its values from (5) and making use of the definition
(10), § 2, this further simplifies into

o) -a)el2)
LG 0= (2)

where the =+ signs again correspond to the regions Ty and T,. It is important
to observe that the function G (}{) thus determined is continuous through-
out I, J,:, because the only possible place of discontinuity is when z = y,
but then S (};) = 0 by virtue of its definition.

We are now to determine H (}**) and G (¥}) so that the expression (1)
also satisfies the boundary equation (B,) for all A(x, s). Upon substitu-
tion of (1) in U[«] we have

vial = [ [aa(2)+80u(5) w0
+ff[A(st)H<;t)+B(st)H(zt)
+U[G<;:)]])\(y,t)dtdy.

We shall have U[«] = 0 for all A (z, s) if and only if the equations

™ @ H(2)+8e)m(]) =0,

®) U[G(;:)]+A(st)H<;t)+B(st)H(zt)=O

are satisfied.
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On substituting in (7) for H(;*) and H (}*) their values from (5), w.
obtain an equation in H (}*'*) and H (}™*), which together with (2) enables
us to find for these functions the values

’

©) H("H' 8)—a(3)R(;;8)’ H(y—,s>=_3(s)R(lb/j_)

9(y,8) y 9(y,8)

since we confine ourselves to the case g(y,s) + 0 (§4). It is convenient
at this stage to introduce the following abbreviations which will be useful
later.

09 =a@r(2), w0 =sr(0),

(10) G,(y':) - A(s,t)R(;t)+ a(s)s(‘;i)+£’A(s,a)s(;:)w,
o) moon(E) s [l

Thus according to the notations (6), § 3, we have*

(11) g(y,8) =g (y,3) +92(y,3), G(y:) = Gl(y:)"l" Gz(y':),

and the equations (9) may be written

Now from the equation (6) we have

o(;0)-#()e ()
L 15(o)e (G )aru (5 )s (),

« 25 (a) (G ru(5)s (o)

* Note that G (y ts) and G (y ¢ ) are two entirely different functions.
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whence

oo oo () (1) (30
en(y s (30) i 0s(37)e]
(s (20) s3]

We shall now substitute this value in (8) and also replace H(3‘), H(}*)
by their values from (5). If in the resulting equation we replace H (}**),
H (3~°) by their values from (9’), we find that (8) reduces to

o)+ o))
=§'@l’—t) [gz(y:t)Gl<y:) —gl(y,t)Gg(y:)],
or

wo()=r ()R Gr)e ()

if we write for short

s
(13) F(yt)=y(y.s)g(y,t) s\ |
9:(y,1) Ga ( )
yt
The kernel K (, ;) is the same as that in the equation (7’), § 3.
Now if the homogeneous system (A4, By) is incompatible, then the kernel
K (,:) possesses a resolvent function @ (,;) and the equation (12) pos-
sesses a unique solution given by

ae(Gr)-r(0)Le()r( D) e

DEriniTION. The functions H (;°), G(;:) are said to form a system
of Green'’s functions of - the integro-differential boundary problem (A4,, By):
L{u]l] =0, U[u] =0, where U[u] is assumed to be integro-linearly self-
independent and subject to the condition (C), if they are defined respectively
in the regions I, J, and I, J,: and possess the following properties:

1. H(;') is continuous together with the first partial derivative with
respect to z in the regions T; and T, and

H(?/'i‘,s)_H(?/—;-S‘) =1.
Yy Y
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2. G(3%) is continuous together with the first partial derivative with
respect to « throughout the region I., J,;.

3. Throughout T; and T, the functions H (;*) satisfies the equations
(3) and (7).

4. The function G (;}) satisfies the equations (4) and (8).

THEOREM 1. When Green’s functions exist, the semi-homogeneous system
(A4, By) possesses a solution given by the formula (1).

We have seen in the above deduction that Green’s functions exist if the
system (Ao, By) is incompatible. Because of the fact (Theorem III, §4)
that when (A4,, Bo) is compatible not every semi-homogeneous system (4,
By) can have a solution, it follows that Green’s functions do not exist for this
case. Hence

THEOREM II. A necessary and sufficient condition that a system of Green’s
Sunctions exist for a system (Ao, Bo), in which U s self-independent and (C)
18 fulfilled, is that the system (Ao, Bo) be tncompatible. When this condition
18 satisfied, the solution given by (1) is the unique solution.

The last fact follows from the Corollary to Theorem III, § 3. From the
theorem just stated, it follows that the equation (12) cannot possess a solution
whenever the system (4o, By) is compatible. Thus we have the

COROLLARY. When a system (Ao, Bo), in which U s self-independent and
fulfills (C), s compatible, the function (13) cannot vanish identically; and

[ o or(,) @

does not vanish tdentically for every ¢; (y, 8) which satisfies

6@ = [ swnkr(,)a.

TraEOREM III. For a system (A, By) there cannot exist more than one set
of functions H ("), G(;:) such that (1) ts a solution of the system for every
N(z, 8); and if such a set exists, it consists of the Green’s functions for the
system.

When the reduced system (d4,, By) is compatible, no such functions H
and G can exist, because in that case not every semi-homogeneous system
(A4, By) can have a solution (Theorem III, §4). When (4o, By) is incom-
patible, Green’s functions exist and (1) is the unique solution of (A, By).
Hence if there exists another set of functions, H' and G’, such that

u(z,s) =f:H’(;8>)\(y, $)dy +fab.£aa'(;j)>\(y, t)dtdy

is also a solution of (A4, By), this solution must be identical with (1) and
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therefore the difference of this and (1) is identically zero. Since A (z, $) is
arbitrary, we find, by using the lemma in § 5, H' = H, ' = G.

.If in the system (A4, By) we replace the boundary condition U = 0 by
another boundary condition U’ = 0, where U’ is an integro-linear function
of U, then (1) will be obviously also a solution of the resulting system; hence

COROLLARY. The Green’s functions of a system are tnvariant of the choice
of boundary conditions, provided the different choices of boundary expressions
are tniegro-linearly connected.

Another important property is that there exists a symmetrical relation
between the Green’s functions of the given system and the adjoint system.
From Corollary I, Theorem I, § 6, it follows that the adjoint boundary con-
dition ¥ = 0 is self-independent. By reference to Theorems II, III, §7,
we infer from Theorem II:

TureoreM IV. If the system (Ao, Bo) possesses Green’s functions, H, G,
the adjoint system (4o, Bo) possesses Green’s functions, H,G.

The solution of the adjoint semi-homogeneous system

(4, Bo) — M[v] =u(z,8), Visl=0

is given by

a5 = [E( ) uwoa+ [ [[6(0))nw i,

Let u(x, ) be the solution of the system (A, By) given by (1). Then, by
Green’s theorem,

[ [ 1e@ an, o +ui, oute, 0ldsde =0,

On the substitution of the values of » and v from (1) and (15), we have

[LLTECE)+ () r omt, oy
+f.,b.[bfff [‘_’(;i) +G(i:)]k<x, 8)u(y,t)dtdsdydz =0,

which holds for every X and u. Hence, by the lemma in § 5,

o a()--a() )=o)

THEOREM V. The Green’s functions of adjoint systems satisfy (16).
TreEOREM VI. If two systems

L{u]l =N(x,s),
Ulu] =0,

L'[u] =\(2,s),

(4, Bo) Uilu] =0

(4', By)
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have the same Green’s functions H (;°), G(;:), and if the adjoint system
(Ao, Bo) exists, then the expressions L and L’ are identical and U is an integro-
linear function of U,.

Since the Green’s functions are the same for both systems, the function
formed from them by the formula (1) satisfies both systems, hence it satisfies
the homogeneous equation

Llu]l—-L'[u] =0,
that is,

o (x,8)u(x,s) +£3¢"<xi)u(x,t)dt =0,

if we let

¢”(x:3) = ¢(x’3) - ¢,($, 8),

v(2)-v() -+ ()

If we substitute (1) in this equation, we find

[ @ (2w i
[ [ [erene(5) v ()x())
+[B¢'f(xi>G(‘;:)dr]x(y,t)dtdy = 0.

By the lemma of § 5, we obtain
¢ (e () =0,

sesmo (7)o (D) o (2)o(Gr)omn

Let us take the limit of the first of these equations as y approaches z first
from above and then from below. This gives

17

o x s\ _
w@on(i, ) =0,
and by subtracting one of these equations from the other, we see from (2)
that ¢’ = 0.
Substituting this value in the second equation (17), and replacing H and G

by their values — H, — G, we find

() (D) L) (om0
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Hence

L)y Goas [ (v (o) we=o.

Now the first member of this equation is, by (15), the solution of the system

~up=v'(,;), Tl =o,

regarded as equations in y and ¢. Hence ¥/ = 0. This completes the proof
that L[%] and L’ [u] are identical.

Our theorem will be proved if we can show that U; and U, are integro-
linearly connected. For this purpose we $ubstitute in U; for u (a, s) and
u (b, ¢) their values from (14), § 6. This gives

B
Ui (s) = M1 (s) Us(s) +f Ny (s, t) Us(8)de

M) + [ Male, D a0,
in which ‘
My(s) = — i (8)11(s) + B (8)b:(s),
NZ(") t) = - ai (3),Cl(t: 3) +B;(3)Dl(t’ 3) - A; (8: t)?l(t)

B
+ Bi(s,t)8:(2) +f [— 4i(s, r)Ci(t, 1)

+ B; (3’ T)Dl(t’ T)]d?‘.
And if we can show that M,(s) = 0, N; (s, ¢t) = 0, we shall have established
an integro-linear relation between U; and U7 .

To prove M;(s) = 0, we make use of (7) and the corresponding formula
for (4’, By). We have, since (4, By) and (A4’, B;) have the same Green’s

functions,
a@H(2 ) +au(2’) =0,

(2 ) +si0H(2) =0,

Now for each constant value s, the functions H (} *°) and H (;’ %) cannot
both vanish identically, because otherwise we would have from (5) both
H (3= *) and H (}* *) identically zero, which is impossible owing to the dis-
continuity of H. Consequently

— a1 (8)B1(8) + Bi(8)ar(s) =0.
Hence, from (8), § 6, we have M, = 0.



406 MINFU TAH HU [October

To show N, (s, ) = 0, we have from the formul® corresponding to (8) in
the case of the systems (A, By) and (A’, By)

- yt[5<1:)]=01(t,s)ﬁ( >+D1(t 8)H(bs)’
_U;,[(_;?(:‘:)]=A'.(3,t)}1( )+B1(s t)H(bt)

The subscript 1 has been dropped from U, and V, for convenience, and the
variable subscripts are inserted to indicate the variables operated on. On
account of the relation (16) we have the identity

o)) v [ G]]

which may be written

U;,[Cl(t,-?)ﬁ(zs) +D1(t,s)17(is)j
+ VW[A; (s, t)H( )+ Bi(s, ’)H(bt)]

Expanding and collecting terms, we find

[cin(t ) vswn(p) e+ [awa(l?)
rai(y ") pw s+ mon(l L)
+amu()|aeo+[non(l?)
rawa(y_Y]ze o+ [{aenaen[m(2,7)
i) mmo it )3 )] o
o[ a3 )]
R

By means of the relations

n(3)-n(s)

0.

0.
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and (7), (16), (4), the first member of this equation reduces precisely to the
expression N3 (8,%). Thus our proof is completed.

CoROLLARY. A necessary and sufficient condition that the Green's funciions
of a system be skew-symmetric, ¢. e.,

() =-n(). ()= -o(2).

s that the integro-differential expression L[u] be anti-self-adjoint and the
boundary condition U [u] = 0 be seif-adjoint.

The sufficiency of this theorem follows from Theorem IV, ard the necessity
from the theorem just proved.
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